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Currents and Super-Operator Product Expansions
of N = 4 Super-W Algebra
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The currents and the super-operators product expansions of the N = 4 super-W
algebra are obtained. The generators of this extended conformal algebra consist
of the stress-tensor superfield J and the primary superfields ®4,, of integer or
half-integer conformal weight A and Cartan—Weyl charge g. The agorithm for
deriving the N = 4 super-W algebra is given for particular cases. Explicit forms
of the operator product algebra ®® for different values of A are given.

1. INTRODUCTION

There are two main reasons for studying extended symmetriesin confor-
mal field theory. Thefirst isthat certain applications of conformal field theory
(in string theory or statistical mechanics) [1-3] require some extra symmetry
in addition to conformal invariance. The second reason is that extended
symmetries can be used to facilitate the analysis of alarge class of conformal
field theories (called rational conformal field theories) [1, 4] and eventually
to classify certain types of conformal field theories. Different approaches
have been employed in the study of extended conformal symmetries such as
the direct construction developed in refs. 58, the Drinfel d—Sokol ov approach
[9-12], and the dua formalism [13].

The agebraic structure that emerges in the study of extended symmetry
is a higher spin extension of the Virasoro algebra, which is commonly called
aWalgebra. As defined by Zamolodchikov [5], this algebra contains a con-
served current ¢(2) of integer or half-integer spin A in addition to a stress
tensor T. It gives a consistent theory when the associativity of the product
is satisfied. The W-algebra can be determined completely by demanding the
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associativity of the operator product with respect to both T and ddd.
Alternatively, one can construct the W-algebraby demanding first associativity
with respect to Tdd [5], which leads to recursion relations [14]. Then one
has to check associativity with respect to dbdod.

In practice, two methods of checking the associativity are known. One
method is to examine the crossing symmetry of the four-point function. The
other is to use normal-ordered graded commutators defined by Bouwknegt
[15]. In thismethod the associativity of the operator product expansion (OPE)
algebraimplies the Jacobi identity of the commutator algebra. These methods
have been used in the construction of bosonic (first method) [5], N = 1, and
N = 2 supersymmetric W algebra [16, 17, 1].

The present work is based on the direct construction, which consistsin
writing down an extended algebra by proposing a number of extra generators
and closing the algebra. The purpose of the present paper is to determine the
currents and the super-operator product expansions (SOPE) of the N = 4
supersymmetric extension of Zamolodchikov’'s W-algebra. The generators of
the N = 4 superW algebra consist of the stress-tensor superfield J and the
primary superfields ®3, (v = 0,..., pn for winteger, v = 1/2,..., p for u
half-integer, and o = 0,1/2,..., A) of integer or haf-integer conformal
weight A and Cartan—Weyl charge g. In genera the primary superfields are
superconformal tensors ;i i (i1, ... 045 j1, - - ., Js = |, 2) [18] character-
ized by a conformal weight A and a Cartan—Weyl charge g. The superconfor-
mal transformations of these tensors are generated by a current superfield
J(2) through the relation

O (I)iql...ir,jl...js(ZZ) = jgc dz; E(Z1)(Z,) (I)iql...i,,jl...js(zz) (1)
Z2

where E(Z;) is a parameter superfield and J(Z,)®fl ;. j,.j(Z2) is the SOPE.
The superfields ®9, are certain combinations of superconformal tensors
D iy s
' 'Ij'hé paper is organized as follows. In Section 2 we give a summary of
N = 4 superconformal invariance in superspace. In Section 3 we give the
SOPE J(Z,)J(Z,) and consequently the (anti) commutator algebra of genera-
tors. We will see that the N = 4 superconformal algebra is parametrized by
two central charges ¢ and ¢’ [8] or suppressing one of the central terms by
¢ and the value of a deformation parameter «. The agebrais reduced to the
so-called small N = 4 algebra [6, 19], admitting one central extension for
a = =1/2. For « = 1/2 the algebra is generated by the superfield J, = D*S,
D-J(k = 1, 2, 3), where

D'SD™ = (S)*DaSDp,  (S9* = (Sdav



Currents and SOPE of N = 4 Super-W-Algebra 2265

with

(sl)=(‘1) 3) <sz)=(é (1’) (ss)=($ _01) 12)

and for « = —1/2 it is generated by J° = [D*, D"]J and J** = D*D*J.
Finaly, for o # *+1/2 the algebrais generated by J; = D3J (a = 1, 2). In
Section 4 we determine the SOPE J®4, and we find that there are two types
of N = 4 super-W algebra. We show that « must be equal to a™(A, w, Q) #
(2, — 1/2) for p # A and to /2 for . = A. We will see that for the first
type (i # A) the superfield @9, is null for g # 0 and for the second type
(w = A) the component fields WA, F9, H9*2, and BY of the superfield ®9,
are null fields. In Section 5 For the first type (n # A) we give the algorithm
for constructing the N = 4 super-W algebrain the case of w = O and q =
0. The descendant fields are determined up to level n = 2 for the superconfor-
mal family of theidentity operator and uptolevel n = 1 for the superconformal
family of the superfield ®. Notice that for A half-integer we have simply the
superconformal family of the identity operator. So we have an explicit form
of the (SOPE) ®® for A = 1/2. For the second type (.. = A), we give the
(SOPE) @; @; (i,j = 1,2, 3) for A = 1 and g = 0. The last section is
devoted to the conclusion. In the Appendix we present relations useful for
deriving the results in the text.

2. SUPERCONFORMAL INVARIANCE IN N = 4 SU(2)
SUPERSPACE

Let us start with the N = 4 SU(2) extended superspace, where we
consider only the holomophic sector, since similar arguments are applicable
to the antiholomorphic sector. The supercoordinates are given by

Z=(20"673U%), ab=12 (2.1)

with z = x* + ix2 (x, u = 1, 2; spacetime coordinates) and 6=2 are analytic
Grassmann variables such that

92 = gbay (2.2)

where the variables §° belong to the vectorial representation 4 of U(2) ®
U(2) and U are harmonic projectors converting the SU(2) symmetry into
a U(1) one. They parametrize the U(2)/U(1) ~ S sphere and satisfy the
following constraints:
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u+ayi = +1, Wi=0
U, = U+? a = EaU™", € =€t =1 (2.3)

eab — U+aefb _ Ufaeer

U=
U

The covariant derivatives are given by

d d
Df = e + 079, D, = S97a + 050, (2.4
which satisfy the following graded algebra:
{Di, Dp} = 2e40,, {D;z,Dg} =0 (2.5)

For smplicity, we will be interested in this analysis only in the variation of
z, 6*2 and keep the harmonic variables constant. We define the analytic
function on this superspace by the Taylor expansion

faz) = %ZT [1 + 07Dz — 05D — 5 szaefzb Dz, DEz]
n=0 1l

1 1
5 0170:°D2Dip + = > 077012°[D22, Dial
(912912)91 51Dé&, D2%Dg + - (912912)91 5[De, D3°|D&
1
+ £ (072)4012)D3 ¢, D][D&, D2 9] 9%, f4(Zy) (2.6)

and the Cauchy theorem

§ a2, O 1oz - 1z 273
with
§> dz = Zim §> dzJ d2 ¢+ J d2 6~ (2.7b)

The contour of the Z; integral encloses the point Z,. Here Z;,, 615, and 63,
areinvariant distance under global superconformal transformation of theN =
4 superspace given by

Zyp =735 — 07%02 + 01905,
Z1p = 2y — Dy, sza = Gfa - 6%3, 070" = Oiaeg, (28)
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070~ = 072, = 60720,
Now weintroduce the supergeneralization of theN = O derivative d,, differen-
tial dz, and intrinsic operator 0 = dzo, as follows:
D*aD; + D,D*2 = 49,
déy de2=dZ=dz+ 06*2do; — 6-2doS (2.9
S =di?D,, S =dE%Dy

where dé*2 are the half-differentials; together with the superderivatives, they
play a crucia role in the study of N = 4 superconformal structure. The
objects S, and S, are superconformal scalar operators which are invariant
under general supercoordinate transformations Z = Z(Z) [18],

§=5, i=12 (2.10)

This gives the conformal transformation of the covariant derivatives and the
half-differentials,
bi = _(D% 6-9D¢, Da = (0 6*°~)Da 211)
dg™® = (Dg 67%)dg™,  dg™* = — (D¢ 67 9)dg™°
These are homogeneous transformations preserving the Grassmann analytic-
ity. This leads to

Drétc: ' D+'2:—6 Dtéic
a a + (a ) (2'12)

It turns out that the infinitesimal transformations that satisfy the condition
(2.11) can be expressed in terms of an unrestricted superfield E(Z),

SZ=E +%e—a Di E —%e%‘ D; E, 86 =%D§E (2.13)

where we have
DiD{E = 0= D;Dy,E (2.14)

On the other hand, N = 4 superconformal tensors are primary analytic
superfields®f i, i (i1, -- ., irjor - - -1 js= 1, 2) characterized by aconformal
weight A and a Cartan—Wey! charge . They are defined so that their combina-
tion with the half-differentials dé=' is invariant:
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D i (Z)detin ... dgtir dgTin L dg s

= &Y i, (DdEFL .. deri dEin | dE s (2.153)
with
g=s-r, A=“2LS (2.15b)

By using Egs. (2.11), we get the transformation law of &% ;.. ;(Z), namely
D s = (F1)° q)kl Kilp.. .|S(2)(Dfl§*"l)

. (D8 (D167 ... (D61 (2.16)
The infinitesimal transformation of Eq (2.16) reads

3e®] ijp.iZ) = [Ea + - (D*aE)D’ - —(D 2E)DS + Ad E]]q) D iid2)

r
Z 'n' D+k]Eq)'l'n 1Pnin+1--irj1-- Js(Z)

-bll—\ -l>||—‘

s
pg |p, D+kp]Eq)|1 drj1-Jp—1Kpip+1-- JS(Z) (217)

These transformations are generated by a suppercurrent J(Z) through the
relation

O Oy ifZ) = § G2 E@) I2) PhigeifZ)  (219)
where J(Z)®f ij,.j(Z2) is the SOPE given by
‘J(Zl) q)il...irjl...js(ZZ)

_|1 (612 (02) 9. — 1 (012 012)045 D=
4 Z 2 2 Z %

~ 1(612 61)6:F D+ A (6 (82) R
2 le az 4 Z%z 11...1p)1...)s

1
2 n=1Z—12 DEyin tkins 1.1 i(Z)

p
(I)iql...irjl...jpfllpijFl...jS(Z) (219)
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The superconformal tensors are a subclass of a more genera class caled
superconformal tensor densities [18], which can be defined as follows:
(I)ﬂl...irjl...js = (_1)S (A)A_M (Bﬁl...krll...|s(z)(Di?L 6+k1)
... (D;; (§+'<r)(Dj+1 6" ... (Djt 679 (2.208)

where
A= % (D*285)(Ds 5*%) = (3,2 + B 8, 6 — Bc* 9, 5-9)
g=s-—r, p = (r +9/2, pw=012..... , A (2.20b)
For the superconformal tensor densities (2.20a) the inifinitesimal transforma-
tion and the SOPE with J(Z) are given by Egs. (2.17) and (2.19), respectively.
We read off from (2.19) that the conformal dimension of J(Z) is zero. Note

that J(Z) is not a primary, but a descendant field in the conformal family of
the identity.

3. N = 4 SUPERCONFORMAL ALGEBRA
The transformation law of J(Z) is given by
J2) =32 + SZ 2) (3.1)

where S(Z,7) [8] isthe super-Schwarzian derivative. The transformation rule
(3.1) requires that §(Z,Z) satisfies the following group property:

SZ2)=S2.2)+S22) (32)
Under the infinitesimal superconformal transformation (2.13) with parameter
superfield E(Z) the supercurrent J(Z) transforms as

5ed(Z) = [Eaz + % (D*3E)D; — % (D2 E)D;}](Z) +UE (3.3

where

UE(Z):S(Z,Z—FE—F%GaD;E—%B“"Da E,9+a+%D+aE>

This transformation law is equivalent to the SOPE for the supercurrent J(Z),
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1 (012)° (012)°
4 Zy

1012 022)0:F

NCANCAR [ T

0z, Da,
1612 62) 655

2 Zs, D;Z]‘](ZZ) + C(Zy, Z) (34

where C is related to U through
3€ dZ, C(Z,, Z,) = UE(Z,) (35)

The superconformal Ward identities for the two-point correlation function
and dimensional arguments imply that C(Z;,Z,) has the following form [8]:
_ ¢ (0% (0)* ¢

C(z, Z) = 48 Z, 12 log Z1, (3.6)
The superconformal properties of J(Z) are pathological due to the fact that
the conformal dimension of J(Z) is zero, hence nonlocal, similar to the
nonlocal pathologies of the dimension-zero scalar field in ordinary CFT. We
can avoid these problems by formulating the theory in terms of the vector
superfields J; (Z) = DD3 J(Z), which transform as

SE(Z) = [Eaz 4 % (D*E)D; — % (D-°E)D; + % azE}Jg(Z)

- % [D™" Dy]EX(2) + %1 (Sa(D*SD)EIHZ)

_(c—=¢)
12

The SOPE J(Z,)J(Z,) is equivalent to the (anti) commmutator algebra of the
component field of the supercurrent J(Z), given by

DZ 9,E (37)

(= f#co dz 271 J(2), i = %CO dz (62 ()2 21 J(2)

z = 24& Az 0z 272 X(Z), i = 2§5 dZ(6*97)02Z' 22 J(Z)
Co €0
(38)
Uin = 2 3560 dZ (6'S9°) 20 J(Z), U =2 ffq, dz(6%67)2"3(Z)

C

Sit
I+
|

=+ ﬁff) dz (6*)2 2" J(2)
co



Currents and SOPE of N = 4 Super-W-Algebra 2271

withk=1,230'S0™ = (S)*0;06,,andne Zandr e Y =Z + 1/2
(Neveu—Schwarz sector) or Z (Ramond sector). Weintroduce areal parameter
o and we define the following set of generators:

L, =t, + an(n + 1)j,, (39)

+ + — l T+ ++ i+ H
Ga_,r = Kajr + 20‘<r + E)Ja{r- Uk,na Un, Ug=, Jar In
The (anti) commutator algebra of these generators is given by

C.
[Lna Lm] = (n - m)l—n+m + E (n3 - n) 8n-%—m,o

+ n +
[an GET,T] = (E - r>Ga,n+r: [Lr'll Uk,m] = _mUk,m!
[Ln, Up]l = —mUp i

“++ “++ -+ n -+
[Lh, URT] = —mUg", [Ln,jar] = — (5 + r)]a,n+r

!

. C.
[Lhyjmdl = —(0+ M) I o — 5 (n + 1)8n1mo
1
{G;r,ra G;s} =28y List+ E (r =91 + 20)e Uy s

+ % (r — 91 — 20)(Sdab Uk r+s

C, 1
+ E (rz - Z) 8n+m,0

+ + €
{Gin Gid = * ?a;(
[Unv G;_r,r] = iG;_r,n-#r + n(l - Za)jénﬂ
[Ui=, Gid = —V2Gin ¥ NJ2(1 + 20)jZner. [GEn UsT1 =0

[Ukn Garl = = (=" (Sdan(Gitr = (L — 20)jity

r— 99U,

+ a , 1 1
{Gi,rv JES} = € (r + S) Jres = E €ab Ur+s - 5 (S&)ab Uk,r+s
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G 1
+ ? r + 5 €ab 6r+s,0

-+ sy € ++ + H s+
(G itd = - ?“; Uts  [Ginim = izrem

- 2n ,
[Uk,m Ui,m] = _2(_1)l sk” Uj,n+m - (_l)k 8ki 3 (C + C) 8n+m,0

[Uk,nv Um] = Oa [Uk,n! Ur?”li] = 0! [Uk,nv Jm] =0
[Ukn Jald = (=D (Sdav J

2n ’ ++ ++
[Un’ Um] = 3 (C —C )8n+m,0a [Una Urﬁ_] = *2Uq5m

[Un’ je-i:,r] ==+ jf-i:,nJrr
Uil =0, [U",Un] = VUi + 5 (€ = ©) Bpemo
[UZ=, Uz = 0
U= = Zizmen U 5] =0, [UF=ju =0

. . C e e .
{J;njk;,s} = éaab 6rJrS,Oi {Ja,r, JE,S} =0, [Jan]m] =0,

. C
UMA=§mmo (3.10)

The charges C,, C,, are related to ¢, ¢’ by
C, = c(1 + 40? + 4ac/, C, = —(c' + 2a0) (3.11)

Notice that the (anti) commutators depend nontrivially on «, not only through
the values of the central charges, but aso through some of the structure
constants. The algebra (3.10) can be reduced to the so-called small algebra
N = 4[6, 19], admitting only one centra extension, C.,» = 2(C £C'), a =
+1/2. The generators of this algebra are L,,, G, Uy, for « = 1/2 and
Ln, Gary Uy, Uf™ fora = —1/2. It can be obtained by formulating the theory
interms of Jy = D* S D J (k= 1,2,3) for « = 1/2 and in terms of J° =
[D*, D ]Jand J*= = D* D* Jfor a = —1/2. As we will see later, in the
case of super-W algebra, « must be equal to 1/2 or to a* # (1/2, —1/2).
Then the theory is generated by the superfield J, or J;. The infinitesimal
transformation of Jy is given by
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Sed(Z) = (Eaz + % (D+°E)Dy — % (D°E)DZ + aZE)Jk(Z)

+ 0 eapegpya, + 2 ('S )0E (312)

This lead to the following SOPE:

(07 S 0) 105 S
WZ)HZ) = 2520, H(Z) + = == D3 4(Z)
z12 2 Z12
C10S oy €992
> 7. DENZ) — (1Y =
0%, S, 0% (05, S 65
N M 3(Z) — (~1) 5 @ 12
Z]_z ZlZ
1 (6%, 05 B _
> a7 10f) ScDz 3(Z2) + 02 S DF I(Z)]
12
(—1)] (022)%(012)% .
2 7%, Sk”Jj (2)
~ ¢ (=D)*dy 4+ ¢ (—1) €9 (6> S 612)
2 Zz 6 Z,
_ E _ 1Nk ) (GIZ)Z (BIZ)Z
3( 1) 8y . (3.13)
with ¢ = cyp.

4. THE GENERATORS OF THE N = 4 SUPER-W ALGEBRA

The N = 4 super-W agebra we will consider contains in addition to
the stress-tensor superfield J the primary superfilds @4, (v = 0, ..., w for
W integer, v = 1/2,..., u for p haf-integer, and w = 0,1/2,..., A) of
conformal weight A and Cartan—Weyl charge g. As we will see later in this
section, the parameter «, Eq. 3.11, must be equal to o™ (A, w, ) and show
that « # *1/2for w # A and o = 1/2 for p = A. This means that we have
two types of N = 4 super-W-algebra. For this purpose let us consider the
SOPE between the strees-tensor superfield J(Z) and the primary superfield
P9 = P9,
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015,)%(01)? 0%, 0
sepany - | SO0, - 2020 a0, 4 oz
A (91*2)2(6[2)2 q (012012)
+ = g,
4 72 4 Z1 Y(Z2)
05,501
i 1( 125012) DYZ) (4.1)

where the superfields ®f (k = 1, 2, 3) are given by
i =P, =v P4,

Q) =ad,,=7 [(LL v+ D0y — (p—v + DI,y (42)

1
(I)g = (I)(I)%v'g = - E [(}.L + v+ 1)(1)%(],4_1) + (}.L - v+ 1)(131(])_1)]

The primary superfields ®9, are defined as follows:
P, =D, DI, 4 (4.3.9)

where®d,, _,and®9_, ., aresumsof al superfields df! ;. .., Eq. (2.20)
with w + vindices1, w — vindices 2, and p. — vindices 1, w + v indices
2, respectively. Notice that we have

D9, = P, Pl =0= DYy (4.3.b)
In terms of components the superfields J(Z) and CIJQ(Z) arewritten asfollows:
J(2) = 1 i(2 + 1 0"~ (2 + 1 07j*(2 — (6H)2U (2
1A T30 2" ] 4[

f(e YU (2 — 5 (9+9’)U(Z)
_ (= 1)k + V(K- e
(6"SO U2 + 7 (9 67)(6° K™ (@) + 67K*(2)
+ ﬁ(e+>2(e*)2t(z) (4.43
(I)CI(Z) = d)q(z) + e+¢q71 + ef¢q+1 _ 2_\1/§ (e+)2Hq72(Z)
1

(07)°HT™(2) — 5 (676)HY)

"3
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(_1)k +Q Q- +0-\(p+tRa—1 -pg+1
—T(G&G)Rﬂ(z)-i-(eﬁ)(ﬁl?q + 67RIH

+ % (0M)2(67)WA(2) (4.4b)
Now we analyze the conditions for which the following fields are primary:
””-I§“+bw@“1+m(1ﬂ3m@wﬂb (4.58)

Ef = RE + by(—1)*o,f, BY = HI + b,d4h9

Infact the fields wd, R¢™2, RY, and HY are not primary in the sense of Virasoro
algebra in genera. By using (4.1), we find that

T(2)b(z) = z% 69z + Ziz 0,50%(2)

. A+ 12 . 1 .
T@)o§ ) = = o) + 78 (2)

A+

T)Hz) = 22 Hi(z) + 0,z - qt

d)q(zz)

A+1 2u+2a

T(z)RA(z) = 22 Ri(z) "‘ zzRﬂ(Zz) - (—D)*i(z)

TR z) = 2 ;23’ 2 Re“(z,) + Zi 0, RE"(2)

+ @2)(1 — 20) * 2«

202 g
(S (2)
TE)wiz) = A; W(E) + 2 0,06(z)
v % 22 ) + 5T )

- 0 + % ) (4.5b)
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where T(2) = t(2) + ad?j(2). From the expressions of the OPEs
T(z)WA(zy), T(z)FFX(22), T(z)E(z2), and T(z)BY(zy), which can be easily
deduced by using the expressions (4.5a), and (4.5b), we can givethe conditions
for which the fields (4.5a) are primary:
o =a*
SBAA+1) —4pu(n+1)—0¢?
+4/(AA +1) — (e + D)EAA + 1) - @)
2(4p(p + 1) — @)
a—ai——l_zai a_ai_1+2ai 4 = at
p = a; = —( 8A 2_2_—4(A+l)' 3 = a3
R € . R
by = bi 28+ 1) 0 TR =T
_1+ 20"
A 1)
So we can see that for w # A we have o # =1/2 and for . = A we have

oc=1 a =20 a:—; a:azl'
1 ’ 2 2(A+1)1 3

(4.6b)
1 2 2
= + — = F—m0—m— = — =
Tmrr 2T Fmrr BTy k0

Consegently for w # A (a = a™ # (1/2, —1/2)) the N = 4 super-W algebra
admits as subalgebra the large N = 4 superconformal algebra, which is
generated by

T2 = t(2) + «™0%(2), Gi(D = Ki(2 * 207042 (2
U2, U@, U=, (3, i@

For pn = A (e = 1/2) the N = 4 super-W algebra admits as subalgebra the
small N = 4 superconformal algebra, which is generated by

T2 =12 +305@), Gi(d=Ki(@ *3,ja(d, U@

=+

=

_ 91 — 2a%)

bgzbé: b4:b:1:— 2A

(4.6a)

by

Let us note that if we take the components of the superfield ®

: - 3 i js @d
we anayze their redefinitions, W i io Faiis.je ERiriije and
Bd

i ij1.je Which are similar to (4.5a), we deduce that the field W ;;, j. is
not primary for any value of ax (K = 1, 2, 3) and «. We conclude that in
order to obtain primary fields we have to take either the superfields (4.3a)

or the following superfields:
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\Pgia = \I,E‘Hr(r,p,fa * wﬁ*ﬂ',p*’(}'
(c=0,22,...,p;p=0,22,..., 01, .=012,...,4) (47)

where o and p are integer if w isinteger and half-integer if w is half-integer.
Here ¥{, ., and ¥]_ ., are certain combinations of tensor superfields
®DF iy s With w + o indices 1, w — o indices 2, and w — o indices 1, w +
o indices 2, respectively. The superfields W4, give similar resuilts.

As we will see later, the superfields ®%, (n # A) are null superfields
for g # 0. We aso remark for the second type (i = A) the absence of U(1)
symmetry. For these reason, werestrict considerationto g = Ointheremainder
of this paper. In terms of components the expressions (4.1) takes the follow-
ing form:

T(z)d(z) = ¢(Zz) + zz¢ (2)

T@)bi (@) = S5 6i(@) + 5 onbi(2)
(2 — AZ;Z 1. (23
T@HE) = =5 H@) + 5 0.H(z)
T@E=) = “ 5 @) + 5 1.E(2)
A+ 3/2 1

T(z)Fi(z) = 2, Fa(z) + azzF ()

A+
z

TEWE) =22 Wz) + = - 0.z

Gi(2)b(z) = +- 43(2)
12

G2(2)5(2) = ‘Z fz euH=*(2)
N _ +1/2
Gi(2)bi(2) = L2 £ H(z) — 22 <s<)abEk(zz> = 0,0)

12
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1+ 20 (- 1)
+
2A

— 1)k
+ % (SDah(2)
12

(S)ard,du(Z) — sabd)(ZZ)

Ga(z)H"*(z) = regular

J2 - 2A + 20+ 11

Gi(z)H () = 2_12 Fi(z) * A +1 7, 0,04 (22)

_ 1+ 2a (-1F -
2A + 1 212 (S<)ab622¢k (22)

+ (2A + 2a + 1) Zziz b3 (2)

(1 + 20) ﬁ(l D ()22

. F1 2A + 200+ 11
Gi(z)H(z) = 70 Fa(z) + A +1 7, 9,02 (2)

1+ 2a (DK .

+ (2A + 2o + 1) Zziz bz (2)

s+ ) (b2

2A — 20 + 1 (—1)K
2A +1 210

_ 1\k
G2(2)E(z) = (2_1) (SaF *2(2) + (et ()

A+1 (14 20)(—1k

TREA D)z, eta®)
1 + 2« E .
ZA + 1 Z (S)abazzd)l b(ZZ)

_ k
(20 — 20 + 1) (Zé) (Sab™(2)
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A _ 1)
v —Ai-l(l + 22?2)( 1) b2(2)

kij
=1+ 20 5 (St (@)

ZA 200 + 1 €ab
T J20A + 1) 7,

20 + 1  (—1) e
\/E(ZA ) 2 (SdabdzHic ~(22)

Gz (Fp(2) = I,H""(2)

— 20+ 1€y

ﬁ(zA +1) &
20 + 1) (1)K

J20A + 1) %,

+ 2(A + 1) “*(2)

F2A4+1) (S)apHi “ ()
2~ 20+ 1
202A + 1)
AQa + 1)  Ew
=20 + D + 1) 75, 2@
2a+1 (—1)F

- 200 + 1) 7 (SJandH(Z2)

. _ €
Gi(@)F5(z) = =~ W) + 0,H(z)
1.

L 2A + 20 + 1 (S
220 + 1)  zp

200 + 1 (1)

a22 EK(ZZ)

" 20A 1 1) (D)
L+ 1)22AA+—120L +1 ;ab H(z)
(A 1)22AA++120L +1) (ifzab Ed2)

NESEESIE 1)k (S)uHi(2)
o AQa + 1) Ea

XA +1 2, E(2)
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8aA(A + 1) — p(n + D)2 + 1)? 8ab
* 225 + (A + 1)  926(2)

L 2BaAA + 1) — pp + D2+ 1)2) €

2A + 1 ‘b( 2)
GH@IWE) = 2 0.F4(2) — oy S (SedaFi e
+3 R
- A e I e

LBAA D) — p(p + Do+ 12 1
A + 1)(2A + 1)

L8AA + 1) — p(p + Do + 1) 1

Z a%z a (ZZ)

2(A + 1)(2A + 1) Z, azzd’a( 2)
8A(A + 1) —Z(Z(:J: ~:|L-) D(2ax + 1)% 1 d)a 2)
Uz)b() = —2 1) (2
R 1)k ) — 2 S 02)
Uz)H**(2) = —2(‘1)k HE=(2)
UdaoH@) = -2 ez
UiE@ = 2 e - -0 S B
4A(22 1)k 5 b(2)

220 + 1) 2(— 1)K
A Z

bri(z) + 4 ¢J (z)
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— 1)k —_1\k
L ki) - E a2

12 Z1p

U(z)Fi(z) = —

_ 6o+ 1(-1~ .
+—2A+ 1 2, bak (2)

L (2A + 12 — 2a (— D) .
T 2 et

o _ 1\k+i
= P @wtite)

AA + 2o + 3 €N .
AT 1 Z (9)asdi(22)

1k
U(z)WM2z) = _2(2121) W(z) + AZ—%: ! Elz)

20+1 1
24 + 1) 22 E.ix(2)

_ 1\iekii
( :%)28 : E ()

CBAMA + 1) — (e + D(2a + 1? (~ 1)K
2A(A 1 1) Z, 0,04(2)

(4.9)
U(z1)db(z) = regular

U@)b:(z) = rzilz :(2)
U(z)EW(z) = regular

U()H(z) = —‘Z‘—fz ()

++ 2 ++
Uz)H" () = =— H" ()
Z13

ey 1 (A +1)*+ 20 1 .,
U@Fi(@) = =~ Fa@) + 57— 7 %@
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_2a+1 (— 1)« N
A +1 2 (Sdavd™"(22)

A+1

Uz)Wz) = — Z

H(z)

U=*(z)d(z) = regular
U**(z)$a(z) = regular
U**(z)H"*(z) = regular
U=5(z)da () = f ba(2)
U**(z)E(z) = regular

U=*(z2)F2(z) = regular

++ — 2 ++
U 5 (z)H(z) = ¥— H" (%)
Z1p

U *(2)H™(2) = rz%z H@) - ‘Z‘Z—A o(2)

J2F: _(2A + 12 + 20 /2

U @FiE) = ey T g g %@
20+ 1 J2(—1) .
2A+1) % (S)apdic °(22)
U=*(2)W(z) = —Agz L)

ja(z)d(z2) = regular
ja(z) b (z2) = regular
(-1)*

V4P)

ja(@ds () = +

(Sdab d(Z)

Ja(z)H""(2) = regular
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k
i@ = L2 65 + 2 )i
@@ = - 4 = ‘;i) ()
— 1)k
@B = S (b2

— (=" * g *
7, 2 » (andi®(2)
1)
e = L2 + WA ) oy
F@F5(2) = +22 epH(z) — 2 (S)uEiz)
12 12
_1)K
= 1/2i—1) (SdabH(22)
12
1/2 _’UZ( 1)k€k|

— —expbE2) +
Zyp

(S)avExi(z2)

_ 1 (DX
C2A+1 z, (Sdapdz ()

L2828+ 1) — plp + DRx+ 1) aab
2A(2A + 1)

sz)( 2)

20 (—1)
2A+1 %,

(Sdandi(Z2)

_1\k
2 (2)Wz) = :% (SaFi(2)

P N
20A+1) z,

(Sdab0 Pk °(22)

C2A+ 1)2A 1) — p(p + (20 + 1)
200 + 1)(2A + 1)
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1 .
X — ade)g(Zz)
Z12

_1\k
- (Zé’ (Sabic®(2)

20A + 1(2A + 1) — (e + Do + 1)
+
4A + 1)

1 +
X 22 d)a (22)

1(z2)b(z) = regular
j(z)$5 (z) = regular
j(m)H""(z) = regular
j(z)H(z) = regular
21y

(z)E(2) = 717

du(z)
_1\k
i(2)F2(z) = :Zilz 0:(2) = (2_1) (Sasbi®2)

(2)WM2z) = % E(2)

C20A+ D) - ppt+ DRa+ 1) 1

2A(A 1 1) 2, (24
2AA+1) —p(p + DEa+1) 1
* 25 + 1) 2, *@)

(4.9)

witha = a™(A, 1, @) =0, 0w =0, ..., A.

We note that for w = A (o = 1/2) we have simply the OPE between
T(2), G5(2), U(2), and the components of the superfields ®, namely the
relations (4.8).

To handle the SOPE ®(Z,)P(Z,) in amanifestly supersymmetric fashion
it is useful to define the N = 4 superconformal generators by super-Fourier
expansion. These are given for the two situations by
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~ 1
Lz = 3§ 02 2850029 (20) — 0529 (2]
z
+ an(n + 1)j,(Z,)
~+ _1 r + n¥by1— + ¥
Gin(z) = 739, 02 ZEV[20:bH)% (20) — (ORI (2]
4]
F 20(r + 1/2)j5:(2)

OunZ) = §_ 2y Z (052800073 (20) — 0% (2]
7
0u(Z2) = §_ oz, Z55(020:[045% () — 0294 (2]
2]
0:*(Z) = V2 §_ dZ Zuua010:0:7%5 (20
2]

., _1 . ok
lar(Zy) = +§ %c dz; Z5V(612)%(012)235 (Z1)
7

- 1
In(Z) = %jg dZ; Z3(012012)[015a (Z1) + 01735 (Z0)] (4.109)
Cz
for w # A and
~ — 1)
Lz = -5 § 2, 2 05S0m2)
Czp

~ + 2 _1 K — +
Gar@) = 2§ a2, 5018000k @) (4100
)

Ocr(Z) = 3 §_ 02, 2502002
£2)

forw = A . Hren e Zandr € Y = Z + 1/2 (Neveu—Schwarz sector) or
Z (Ramond sector). Notice that the non-tilde generators (3.9) are obtained
by setting Z, = 0 in the expression of the generators (4.11). On the other
hand, we define the N = 4 super-primary state by

% = %(0)[0) (4.118)
which satisfies the following relations:
Lo[d® = Ald®D,  Ukoldd = —2(—1)¥ D)
Lald® =0, UenldH =0,  Ggldd=0 (nr>0) (4.11b)
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Uod% = gD,  Ug*[6H =0 (4.11¢)
UldH =0, Us=ldH=0, 5D =0 jl¢)=0 (nr>0)

For the first type (v« = A) we have only the expressions (4.11b). In fact in
this case the N = 4 superconformal algebra is generated only by L,, G;;,
and Uy ,. The other members of the supermultiplet to which |&) (q = 0)
belongs are given by

[d2) = £Gi_1p|d), [HT) = 1\/7_2 GZ12 Gyld)

IH) = [2L_; — GZ1, Gy d)
(2 + 1)(—1)¥

|E = Gr1,SG1n|d) + B — L_q|dbw)
|F§>==[}tGiuzGiuz“gééij%%;—gL—l]G;—uﬂ¢>
_ 1)k
= G DED gy 16l (4.12)

2A + 1
111~ < - G- + -
W) = 1|2 (Gr12Gr 1) (G 1oG ) + 2GT1,G 0l 4

120 +1
- 21 - 2a>L1L1]|¢> -23 3

(G 1.SG 1) bw

with a = a*(A, n, g = 0), Eq (4.6a), for . = 0, ..., A.
Furthermore, we define the superstate by

1
2,2

VIH2) = 2 (60 )HO

[D9(0)) = [ + 0*|d9H) + 67|p9*Y) — (6%)?HI72)

1 _
"22"

(_1)k + - +9— + -1 - +1
— 5 (0'SO )[R + (670)(0"RY) + 67 R
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3 (0070 )
with
|9(6)) = YO, 6)|0) (4.133)

The condition for |9 to be N = 4 super-primary can be equivalently stated
as that on |®9(6)),

Lol@(8)) = A|D0)),  Uyo|@(6)) = —2(—1)X|D(6)) (4.130)
C|@%0)) =0,  Uyn®%0)) =0, G |d%6)=0  (n,r>0)
Uol®a(6) ) = q/@(6)),  O5*[®%6)) = 0
Un@9e)) =0,  Oi*|®%6)) =0,  jir [®%6)) = O (4.13¢)
Jarl®96)) =0, J/®U6) =0  (n,r>0)

Equations (3.10) and (4.11c) or (4.13c) imply that the superfields ®%, (u #
A) are null superfields for g # 0. In fact we have

Ug=[o% =00 (d9Ug~ Ug™|d%
= ($9[Ug~, Ug o
= —2$Uold% = —20(dd%) = 0 (4.149)

Now by using Egs. (3.10) and (4.12), we find inthecase of @ = A (a =
1/2) the following result:

(WW) = (FZ[F3) = (H|H) = (H**[H**) = 0 (4.14b)

We have dlso for v = A
(EJEQg =0 for k=1

forA =1

(Espl Espp =0  for k=23andv=0

(Evwi Efyp =0  for k=1,3andv =1 (4.140)

(E,E,0o=0 for k=12adv=1
and for A = 2

<E+1,3| E+1,3> = <E71,2| E71,2> =0

Finally, we have the following results:
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() For p # A(a = o™ # (12, —1/2)), the superfields &%, are null
superfields for g # 0. The N = 4 super-W algebra contains in addition to
the generators of the large N = 4 superconformal agebra (3.9) the primary
fidlds W, F3, E¢, H [Eq. (4.58), g = 0)], H=, ¢z, and .

(ii) For o = A(a = 1/2), the primary fields W, F=, H, and H*=* are nulll
fields. The primary field E, is also a null field for certain values of A, v,
and k [EqQ. (4.14c)]. Notice that this result remains true for g # 0. So in this
case the N = 4 super—W agebra contains in addition to the generators of
the small N = 4 superconformal algebra (L,, G5, and Uy,) the primary
fields Ef, $31, and 9.

5. SOPEs FOR N = 4 SUPER-W ALGEBRA

In this section we will give the SOPE of the N = 4 super-W algebrain
two cases. For the first type (u. # A), the algorithm for constructing the N =
4 super-W algebra is given in the case of u = 0. The descendant fields are
determined up to level n = 2 for the superconformal family of the identity
operator and up to level n = 1 for the superconformal family of the superfield
®. So we have an explicit form of the SOPE ®® for A = 1/2. For the second
type (n = A, a« = 1/2) we give the SOPE for A = 1. For the genera case
(b =0,...,A) of the superfields ® = ®&., (v =0, ..., n for p integer
andv = 1/2,..., p for w haf integer) we give in the Appendix the relations
necessary to determine the algorithm and consequently the coefficients of
the descendant fields. The SOPEs we will consider are

W|th(D0 = CDfOI’},L = OanchO = (I)l, q)Jrl = q)z, andq),l = CI>3fOI’;L =1.
In the case of . = 1 the SOPE take the following form

i (Z)P; (Z2)

_v 1 n + (n+112) — dB+(n+12)
- Am—n ,Nn,(1,
EO Z m |:q)mn(i j)(ZZ) + 612 (I)mn (.j) (ZZ) + e12(I)mn(| i) (ZZ)
=
(e ) ( )
lez Prnt 6L + —=— = q3$351,(i,j)(zz)
(O 01) (CRAST)
122 = Dn-14,)(Z2) + 1225(| 2 D n-16,y(Z2)
12
(9 SO12) (01,01)
12212 - D n-14,j).K(Z2) + 122 - 0P 18)(Z2)
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with

01,01 015)2(012)?
( 12 12) ezzq)r_:_l(r?rf&)n(zz) + ( 12) ( 12)

+
12 Z%Z

D2, j)(zz)] (5.29)

m=1,2 A = 2A, A, = A;

(5.2b)
Do = 0oap  Poan = Phap

which are the descendant fields of the identity operator and the superfields
®;, &;, and O withk # i, j and i, j, k = 1, 2, 3. The expression (5.2a) is
valid for the two types of N = 4 super-W algebra (n. # A and p = A). So
by using the recursion relations (A.2a) we have determined the SOPE (5.24)
for A = p = 1, which is given by

i (21)®;(Z2)
_C (_1)i8ij _ ZEC (- 1)k gilk (OI;S(BIZ) + C (BIZ)Z(OIZ)Z

3 7

12 2 7h
014 - N ~ -
+ ZL; [(—1)'8;;Ga-321(Z2) + €M(S)ab G=52!(Z2) — (S)a G=5:P j(Z2)]

—a
612

- Z_lz [(—1)'5; ~3,—3/2 1(Zo) + €MS)aG 182 (Z2) — (S)anG 2 D;(Z,)]

21 (0@ + Do)
le

-2 (9125;612) [Oj,—2|(22) + I:—lq)j (22)]
+ 21, U0 1z + a2
- 2% [0),-11(Z2)
(012012) . .. - ijk A-b
+ ®)(Z5)] + [012((—1)'8;;G5 - 321 (Z2) + €7(S)anG=321 (Z2)]

2
) P é:g/ZCDj (22) + efza((_l)igijéet—w'(zz) + €1(S) G801 (Z)

3202
- (S8 50, @) + -V P[0, 12) + 0] (63
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where L, GZ,, and U, , are defined by (4.10b). Now we focus on the first
type of N = 4 super-W agebra (u # A) for w = 0. In this case we have
a = a* = 0and ¢’ = 0. This means that the central extension of the N =
4 superconformal algebra is reduced to one (Cy = ¢). The SOPE in this case
take the following form:

P(Z)P(Z2)

[’

=2 zA B [q’nm AZo) + 05O VNZ) + 05D (Z,)

O 4 v (s
Zl mn 1( 2) +

0,501 0120
n ( 12251 12) O 1i(Z0) + ( 122 12)
12

(0 12) (0120 12)

Orla(Z2) + Prn-1(Z2)

(0527 12(Z)

_ (612)%(012)°
0RO + = P2 (5.4)
The agorithm in this case is given by
I:nq)pm,p = (A(n + 1) —Ap+p-— n)(I)ﬁ{p”,n
L 0xG2 = (A(n +1) —Ap+p- % (n- 1))@5%%?#”@

mpP1 = (AN + 1) — Ay + PPRPR™
ren l_(A(n+1) A +p)q)mpn1
L Php-1k =AM+ 1) — Ay + pP)PR 01k

Linp? = ((A + 5)(n +1) - Ag p)(br%{%?ﬁllﬂ)

oz = (A + D0+ 1) = Ay + PORL,
Gz BB p = * DB 1pa

]

—
35
=
3o
|
N
I

o

G DEELYD = T2 g P {42
Ga rq)mp 1=0

GET, q)r;(g-g 1/2)

+epPRpT L + (- D)N(Sdap PR ok

+ sab(ZA(r + %) An+p—r1+ )Cbﬁﬁprtﬂ
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) - Am + p)q)rﬁ(grr)ﬂz,a

) - Am + p>q);1,(;'))|'r)ﬂ2,a
. 1 (o _ 1
Ga_,rq)ﬁmp—l,k =35 (Sr()ab|:q)r71,(€—rrn33/2 + 5

Ga Dif iR = +4e,DE, 113,
_ ((ZA + 1)(r + %) —An + p)(gabq)gnp’prtuzz

F (= DN(SIapPRp 800

=+ 1 1 +(p—
Ga PPy o = 7 (2(A + 1)<r + 5) —An+p-— 1)q>m§g:>3,2,a
Uy n®Bp = 0
O n®isfiY2 = —(—1)NS)a PPty
Ui PPy = 0
Uk,nq)Pn,p—l =0

LNJk,nCI)ﬁ’l,p—l,i = znAaki(I)ﬁL_pn—n - 2(_l)j8kij(ppn,_pn—n—l,j

Oun®if 12 = ~(~ DSl @E AL (28 + Db o0)
Ukn®ip2 = —(—1*n(A + DR,y

0

U@%‘Sé”’ _ i(br:;]'(g:rr]wrm)b

C
3
=4
30
°
Il

0.0n3P, = +20550.1)
0n(bpm,pfl = ZHAQ)ﬁ;pn,n,l
0n(I)RLp—l,i =0

+

U Prfd = +Pg®-ntla + (2A + 1)ndrB-ntiv2
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Jar
Jar®Pmbs 2

JarPmbh?

S

m,p

F¥p

.
Jar®Pmp=1

He ++
Jar®PmpPa

s+
Jirq)ﬁxpfl

Hes

Jz;,rq)ﬁw,p,fl,k
i HE(p+L2
Ja,r(I)m,%Ll,b)

i HT(p+L2
Ja,rq)r;,([?*l,b)

e
Jar®Php-2

Benhamou and L hallabi

—n(A + PR n-1
0
=0
J2 o
= 2050, 1+
=0

NADRD

= 2/2 055

=0

0
—2/2 Dip-nD = n/2 (2A + Dndnp- VD
+ny/2 (A + D)D"y

* (Dr%(g:rr)f 1/2,a
0
0

1. _
ié ORRCEP
0

1. ..
ié q)ﬁw,(gfrr)fljz,a

1 +(p—
o (SJab‘Da,‘SJlbuz
+ 26, P p B 122

Feap P, — (—DXSa PR YDk

+ ((ZA + 1)<r - %) —An— p)Sabd)(nﬁ’,W%)z

1 1 (—
_4_]- (2(A + 1)(r — é) +A,—p+ 1)q)m,(§—rr)—1/2,a
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Ji®Php =0
PREEYD =
JnPrPs =0
an)?n,p—l =0
Jn q)lpn,p—l i 0
JnPrE 2 = OB pLY
> 1
an)‘r)n,pfz = é Anh-1D)+A,—p+ n)(I)R{pan (5.9)

for A half-integer we have simply the superconformal family of the identity
operator. The descendants fields of the identity operator up to level n = 2 are

8-S 1o
|50 = 19, = 19, =0 = 1,
| =¥2 = +2ix |, (5.6a)
forn=0
H2)=0 1570 = (:O*Im - i hz(a)

+

+1 — c
@ J2(c-3) [

C had 3':’ ~
15(2) = c_3 |:U—1 - Eltuzlzuz](z)

ol

~ 3 g g
UZfr — — = Z
1 \/ECJ 2] 1/2]( )

ke[ o . .
(C })3(: |:Uk,—l - %thZSJ:JJz] (2)

11(Z) =]-4(2), 1¥2)=0

15:(2) = —

c
(c— 937

113%2) =

NIW

[ié;_g/z F-0 7;—1/2 + 3’]‘_1]’;_1]2

S+ T 3 ™) T+
UZT ja-12 T 5 (SdapUk-11=%2

Sl w
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18':'+ v HE
* ?J—]JZJ—]JZJ&—]JZ:|(Z)

- 1 . ~ o~ ~ o,
103%2) = c_3 [iZ(ZC + la-z2 — 3U-1ja-w2 + J-1ja-12

+ 32025 312 * 3(Sda Uk,—lii%z](z) (5.6b)

forn=1and

1%2) = (c—c3)2 [ 3c

LED g 3n
C

3(_l)k~ g ~_ 3 ~ v v
- Ue_117 T+ —U Tl
c k-1 T12Sd "2 \/EC 1l-w2)-12

3 ~ ~ c+ 12~ ~ C+12':'7 ~
_ﬁu—llfuzlfyz— c 1 a1 t+ c 13/21+112](Z)
C

~ 3~, =~
|%(Z) = ((:_—3)2 |:CU2 - EGt3I2]:112 +

NIWw

~_ 9':' ~ ~_
G—s/ﬂfuz"‘el—llfyzl—uz
9 ~ o 9 ~ ~ ~
———— Ui+ ——U T 00t
2\/§C 1 Ju2)ie 2\/50 1 )-1w2)-12

— 3 3] 10— 317:3/2]7tu2] 2)

13(2) = 3c [A+1~ L C+3(E@—4A+1c+9)-
22) =

c+3c-3| 2 U o(c—3) I-2

Aty 5 (DD
4 2

u_,U_, Uk,,lok,,l——Uff 0:1

3((4A +1)c—9) 0 5 i
4c(c — 3) ~1)-w2)-w2

3((41?0(—; ?Z)_ 2 (—D*0x 11712 Sd w2
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L 3@+ D= 9) .t

4\/§C(c ~3) w2l
_3((4A +1)c—9) O--Tr. T
4/2c(c — 3) -1 )-v2)-12
3((A - 1(c+3) ~, =
- 4C(C _ 3) —32)-12
3 3«2%14: zclz(c; )+ 3)) Giaziiuz](Z)
124(2) = - ((:_—33)2 [)\Uk,z + nskijoi,flojyfl

3 .o~ ~ ~ oo R
+ Esk” Ui,*ljtllzs J:]JZ - 3(_1)k_lfljt112 S<J:1/2
+ (1) G a2 S wz — (DG e ST wo

—1)e - - —1kc ~ ~
R e (@

with A — 2q = — ¢%(c — 3)? and

++ Cc _C S+ 9 "~ 4 T4
lo*%(2) = c— 3y [+TZ U=t = oY1= )=
9

forn = 2.

So the relations (5.6a)—(5.6¢) give an explicit form of the SOPE ®®
for A = 1/2. The descendant fiel ds of the superconformal family of superfields
uptolevel n =1 are

PYZ) = fd(Z), D24 (2) = gP(Z), D, = hd(2)

P2 = 0= a0,(2), b= 96 0@ (579
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cuz _ | o TAF— g +(A + 1)g + 4h ~,
[ c Ja,—1/2 + 2A Ga,—]JZ (I)(Z)

forn=0and
DYZ) = [B{OF_ + BPHA0_y + BOON]
+ B{lo,+1/2,7u2}ét1/2(3:ﬂ2 + B{lo,+1/2,o,71/2}éillzj*:1/2

4 B{lo,—u2,0,+1/2}f;:ﬂ2j~jﬂ2 + [3{10'0'+”2’_”2}J'~f]12I:uz]q)(z)

B{l,0,0} = u
1 4A
(A + 1)g + 2(2A + Dh)c2 — 3((3A + 1)g
" + 2(4A + +3)h)c + 36h
(2A + 1)c® — 3(4A + 3)c + 18
AL = A+2 (-A°+A+1c—3(A+1) 8103 — 0

4A (2A + 1)c2— 3(4A — 3)c + 18’

BLO+V2-VZ = (A+2g (A+1)F-3(A+1)c
' 8A (2A + 1) — 3(4A 1 3)c + 18

plo=U20712) — 13(A +2)g A+Dc—3(EBA+1)
! 8A  (2A + 1)c2— 3(4A + 3)c + 18

B(O0+12-V2 — 19(A + 2)g Ac—6
' 4c  (2A+ 1) —3(4A +3)c + 18

(I)é(Z) — [Bgl,O,O}L_l + BE)O,l,O}U_1 + Bgo,oyl} j—l
+ BROHYRTAG )Gy + B TYROTAGC 1 Ty

+ BRO-v20+1/2) éiuzﬁyz + OO +V2,-1/2) Tfuzj:uz] d(2)

Bgl,O,O} — 1
2A((2A + 1)c2 — 3(4A + 3)c + 18)
X [((2A + 1)(A + 1)g — A(A + Df + 4h)c?
+ 3((5A + J)Af + (4A + 3)(A + 1)g — 4N\)c
+18(A + 1)g — Af]
BiO10 — '3 ((3A + 2)A% + 4(A + 1)h) c — 3(A% + 4h)

2A (2A + 1)c? — 3(4A + 3)c+ 18 ’
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39
{001} — =9
Bl AcC

1 (A + 1)Af — 4h)c — 3((5A + 3)Af — 4h)c + 18Af

plo+v2-v2 —
0 4A (2A + 1)c2 — 3(4A + 3)c + 18

4Ac
((2A + 1)g * A%f ¥ 4h)c® — 3((4A + 3)g
+ A%g * 4h)c + 18g
(2A + 1)c® — 3(4A + 3)c + 18

BB 0,+1/2,0,712) _ 3

X

9 ((3A + DAF + 4h)c — BAf
2c (2A + 1)c> — 3(4A + 3)c + 18

PEZ) = [BE P Ui-r + B2V GL18 G0
+ B VROVAGE 1,8y + B V2O TYR G108 T e
" Bg?ko,+u2,—1/2}jfllzs(f:1,2]<I)(Z)

3(— 1) (—(3A + 2)A% + 4(A + Dh)c + 3(A% — 4h)
2A (2A + 1)c? — 3(4A + 3)c + 18

Bgo,o,wz,—l/z} - _

0,10} —
BE* =

B{o,+uz,—u2} _ _(_1)k
ok 4A

o (A + AT+ 4h)c? — 3(5A + 3)Af + 4h)c + 18Af
(2A + 1)c® — 3(4A + 3)c + 18

B{o,ruz,o,:uz} — 3(_1)k
ok 4Ac

(=(2A + 1)g — A% + 4h)c?
— 3(=(4A + 3) g+ A% + 4h)c + 18g
(2A + 1)c? — 3(4A + 3)c + 18

9(—1 ((3A + 1)Af — 4h)c — BAF
2c (2A + 1) — 3(4A + 3)c + 18

q)a:tl(z) _ [Bgo,iil,o}off + Bgo,tllz,i]JZ}éfllzé;uz
4 Bgo,illz,o,illz}étllzj‘:llz + Béo,o,illz,tm}]'tllzj‘:ﬂﬂq)(z)

X

BL00+12,-1/2} —
0.k
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((2A% — 1)g T (3A + 2) A%
F 4A + Dh)c — 3(g = A%f + 4h)
(2A + 1)c?2 — 3(4A + 3)c+ 18

B{O,t]JZ,tlIZ} — 1
0 8A((2A + 1)c® — 3(4A + 3)c + 18)

X [(=(2A + 1)g — (A + 1)Af + 4h)c?
— 3(F2(3A + 2)g + (5A + 3)Af — 4h)c + 18(g — Af)]

B0 120212 _ 3 (g+ A% + 4h)c — 3((2A + 1)g ¥ A% = 4h)
0 4A (2A + 1)c2 — 3(4A + 3)c + 18

Blo0- 2 _ _ 9 ((3A + DA F 2Ag + 4h)c — 6(Af F )
0 4 (2A+ 1)c2—3(4A + 3)c+ 18

forn =2 where,, G;,,U,, Us*, Jz, and ], are defined by (4.10a) for o« =
0. We remark that the superconformal family of the superfield ® exists only
for A integer. The coefficients f, g, and h are determined by asking for the
associativity of the product ®d®. But we can remark that ®(Z,)P(Z,) =
D(Z)D(Zy), which impliesthat if A iseven, wehaveg = 0, and if A isodd,
we havef = h = 0.

(5.7b)

6. CONCLUSION

There are two types of N = 4 super-W agebra. The first type (u # A)
is generated by the stress-tensor superfields J; = D3J (a = 1, 2) and the
primary superfields ®9, (v = 0, ..., p if pisinteger, v = 12, ..., nif
W is half-integer, and i = 0,/2, ..., A — 1). The second type (.. = A) is
generated by the stress-tensor superfields J, = D*'S.D"J (k = 1, 2, 3) and
the primary superfields ®4, (v =0, ..., Aif Alisinteger,v = 1/2, ..., A
if A is haf-integer). So the first type of N = 4 super-W algebra admits the
large N = 4 superconformal algebra as subalgebra, while the second N = 4
super-W al gebraadmits as subalgebrathe small N = 4 superconformal algebra.
In other words, we have shown that the deformation parameter « must be
equal to a™(A, p, q) for the first type and to 1/2 for the second. We remark
that for the first type we fix A and . and we vary v. This means that we
have A algebras for A integer and A—1/2 algebras for A haf-integer. The
difference between these algebras is first the number of primary superfields
(2 + 1) that each algebra contains and second the value of a = a™(A, w,
). Furthermore, the superfields 9, are null for g # 0 and the N = 4 super-
W algebra contains in addition to the generators of the large N = 4 supercon-
formal algebrathe primary fildsW, F 3, E,, H, H**, ¢35, and ¢ of conformal
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weight A+ 2,A+32,A+1LA+1A+1 A+ 12 and A, respectively.
On the other hand, for the second type the primary fields W9, F4*1, H9, and
H9=2 are null fields. So the N = 4 super-W algebra contains in addition to
the generators of the small N = 4 superconformal algebra (L, G5, and Uy )
the primary fields EJ, $3*1, and 9. For the first type (u # A) in the case
of w = 0 we have determined the descendant fields up to level n = 2 for
the superconformal family of the identity and up to level n = 1 for the
superconformal family of the superfield ®. Notice that for A haf-integer we
have simply the superconformal family of the identity. Hence we have an
explicit form of the operator product algebra for A = 1/2. For the second
type (n = A) the SOPE ®;®; withi, j = 1, 2, 3isgiven in the case of p =
A = 1. The conditions of associativity of the operator product algebra, namely
the crossing symmetry and the Jacobi identities, for the first type of N = 4
super-W agebra in the case of w = 0, A = 1/2 and for the second type in
the case of w = A = 1 are under study.

APPENDI X
Here we give relations useful for determining the results in the text.

Al. Super-Cauchy Integral
b dzZ4IFZ)
Cz,

1 _ _
=+ 0% — Dz, Dz, 1[D3, D2]) 95,F(Z)

dz; 725" VF(Zy)
Csy

1 . — R
= — (D374, = HD3, D;1D59) 04F(Z)

§ a2, (02728 @) = — (03 R
Zy :

1

by (0iR)Z " IF(Z) = -
Czy

1
b dz1 (01:S0Zid IF(Z) = - (D3SD2) 4F(Z)
2 "
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3€ 02, (D)2l IF(Z) = ¥ D3* 94F(2)

§. 022 007 @) = | FE) (A1)

We can use these integrals to formulate the descendant fields in term of
Jz (a= 1, 2) for the first type of N = 4 super-W agebra (u # A) and in
terms of J, (k = 1, 2, 3) for the second type (.. = A).

A2. Recursion Relations

The requirement of associativity with respect to the triple product J®|d)
is equivalent to the following relations:

LA(Z)P(Z1)| P(Z,))

{Z”*l +(n+ 1)ZQZ[A + % 07,01 — %

o
+n(n+ 1)2’1‘21[% (612)%(012)°0 + (812012)(02D1 + elzDI)]
+ %0 (7 — 251002 |02/ 0@)
3L+ 20)0(0 + D2 OLSODPUZ)|P(Z)
CilZDP(2)|P(Z2)

= { Z13V[2051, 0, — Dai] + (r + 3252 lIZ[ZAeailz
21 2T
E (1 + 20)(012012)Da1 + (1 + 2a)(01)° D
1 _ e
E (1 — 20)(S)an(012S012)D1® F 4o (072012)0212 3z1i|

( —%)zw[:mwrzez»e;z
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- 00005 | jo@lee)
e 2a)(—1>k(soab[(r + %)zaaWe;zb
+ (rz - i)zﬁzyz(efzelﬁeﬁb} D(Zy)|D(Z,))
Ukn(Zo)D(Z0)|D(Z,))
= {222(2(653(612)311 — 05,SD1 + 0SDT) + nZi; [2A(01,561)
— (0:2012)(612SD1 + 0:,SD7)] }@(ZD\@(ZQ)
+ {_2(_1)k8ki222 + 2nZ8; H(—1)1e(6,50 1)

_ (=1
2

8ki(91+2)2(912)2}‘I)i(21)|‘I)(Zz)>

Un(Zo)D(20)| ®(Z,))

= {Z'fz(z(efzel_z)azl — 02D1 — 61,DY)

+ NZ1 2A(012012) + (01201)(62D1 — 01D )]}(I)(Zl)|q)(22)> (A.29)

U =(Z)@(2,)|9(2,))
= + J2AZ[(012)%0, — 612D1] + nZi A(61)?

*+ (012012)072D7 1} D(Z,)| D(Z2))

Jar(Z)P(Z)|P(Z,))

_ 1 . 1, .-
= {Zrlz 1/2[_5 (012012)Da + 5 (612)°Da
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x

NI

(SJan(012S012) D1 b}
+ (r — %)2523/2[2A(e;2912)9§12

= 2 0020 | Jo@yio@)

+ (—DNS)lZ2Y207P — (1 — DZ532(01:01) 0371 D(Z)) |D(Z,))
1n(Z)D(Z)|P(Z,))

1
=3 {211 (012)%(012)%0,, + 2(012012)(01:D1 + 61,D7)]

+ AN — 1ZH H01)%(012)% P(Z0) | D(Z2))
+ Z5 (01250 Pu(Z0)| D(Z,))

withZ, = (0, 03, 05),n=1, andr = 1/2.

The superfields &, (k = 1, 2, 3) are given by (4.2). Notice that for the
second type (i = A, a = 1/2) of N = 4 super-W agebra we have only the
three first relations (A.2a).
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